Abstract. In this short note we prove that the degree of the Gauss map ν of a closed 3-dimensional hypersurface of the Euclidean space is a lower bound for the total bending functional B, introduced by G. Wiegmink. Consequently, the energy functional E introduced by C. M.
Introduction
The energy of a unit vector field v on a Riemannian compact manifold M is defined by Wood in [4] , as the energy of the map v : M → T 1 M, where T 1 M is the unit tangent bundle equipped with the Sasaki metric,
In [2] , Wiegmink defines a quantitative measure for the extent to which a unit vector field fails to be parallel with respect to the Levi-Civita connection ∇ of a Riemannian manifold M. This measure is the total bending functional,
The energy of v may be written in terms of the total bending,
On the other hand, Brito showed that Hopf flows are absolute minima of the functional B in S 3 :
Theorem 1 (Brito, [5] ). Hopf vector fields are the unique vector fields on S 3 to minimize B.
Gluck and Ziller proved that Hopf flows are also the unit vector fields of minimum volume, with respect to the following definition of volume,
Theorem 2 (Gluck Ziller, [3] ). The unit vector fields of minimum volume on S 3 are precisely the Hopf vector fields, and no others.
Reznikov compared this functional to the topology of an Euclidean hypersurface. Let M be a smooth closed oriented immersed hypersurface in R n+1 with the induced metric, and let
where S x is the second fundamental operator in T x M, and λ i (x) are the principal curvatures.
Theorem 3 (Reznikov, [6] ). For any unit vector field v on M we have
where deg(ν) is the degree of the Gauss map ν :
Recently, Brito et al, in [1] , discovered a list of curvature integrals for an Euclidean (n + 1)-
where the functions η k depend on a unit vector field and on the extrinsic geometry of M.
In this note, we take a 3-dimensional closed Euclidean hipersurface M and relate the total bending (consequently the energy) of a unit vector field v to the topology of the manifold M, and we prove that
where ‹ S := max x∈M {||S( v) x ||}, and S is the Weingarten operator of M.
Total Bending and Energy of v
Let M be a 3-dimensional closed manifold, immersed in the Euclidean space. We may assume that M is oriented, so the normal map ν : . In this case, we have
A TOPOLOGICAL LOWER BOUND FOR THE ENERGY OF A UNIT VECTOR FIELD ON A CLOSED HYPERSURFACE OF
On the other hand, by equation 2, the total bending of v may be written as
By equations 1 and 3, we deduce the following lower bound for the energy functional:
We are interested in computing the energy of a Hopf vector field
since h 32 = h 31 = 0 and h 33 = 1. When the canonical immersion of S 3 in R 4 is considered, we have that deg(ν) = 1. On the other hand, by definition of E,
since a 11 = a 22 = 0 for any Hopf vector field v H . Therefore,
as we expected.
Further research
We intend to extend these preliminary results in two main directions:
(1) Considering the energy of unit vector fields on arbitrary n-dimensional hypersurfaces of R n+1 .
(2) Restricting our attention to totally geodesic flows with integrable normal bundle. This is equivalent of studying the energy of Riemannian foliations of closed hypersurfaces of
